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Abstract. In this article we introduce the notion of J-Parseval fusion frames
in a Krein space K and characterize 1-uniform J-Parseval fusion frames with
ζ =
√
2. We provide some results regarding construction of new J-tight fusion
frame from given J-tight fusion frames. We also characterize an uniformly
J-definite subspace of a Krein space K in terms of J-fusion frame. Finally we
generalize the fundamental identity of Hilbert space frames in the setting of
Krein spaces.
1. Introduction
Frames for Hilbert space is a well known concept. The theory was introduced
by Duffin and Schaeffer [1] in the year 1952. Now a days frame theory has ap-
plications in almost every areas of applied mathematics. With the development
of Hilbert space frame theory and its continuous application in Data transmis-
sion, Networking and Signal Processing some new research areas are continuously
emerging. Filter bank theory, packet-based communication system are some of
the examples of new research areas in frame theory. Hilbert space frame theory
set-up can hardly be modeled naturally by one single system. Furthermore, it
is often difficult to handle a large amount of numerical data in a single frame
system. In these cases it is highly beneficial to split a large frame system into a
set of overlapping smaller systems so that we can be able to process each local
system efficiently. Interestingly our brain stores and processes information by
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using distributed processing. A distributed frame theory relating to a set of local
frame systems is clearly in demand. This led to the development of fusion frames,
which provides exactly the framework to model these applications. A beautiful
approach was introduced by Casazza and Kutyniok [3] and Casazza et al. [4]
that gives a general method for adding together local frames to get global frames.
Different aspects and applications of fusion frames can be seen in [6, 7, 8].
Since fusion frame in Hilbert space has huge applications so it is natural to
extend these ideas in indefinite inner product spaces such as Krein spaces. Krein
spaces have some interesting applications in modern analysis. Some known areas
of application are in high energy physics, quantum cosmology, Krein space filter-
ing etc. The theory of frames in Krein space can be found in [10, 11, 12, 15, 16].
Acosta-Humánez et al. first defined fusion frames for Krein spaces in [13]. They
obtained a correspondence between fusion frames in Hilbert spaces and fusion
frames in Krein spaces. But their definition involves fundamental symmetry of
Krein space which is not unique. In [18] we defined Fusion frame in Krein spaces
in a more geometric setting motivated by the work of Giribet et al. [11], and
we called them J-fusion frames. Defining J-fusion frame in Krein spaces could
reveal some structural properties of fusion frames and also can be used as a tool
for problems in Krein spaces. We also showed that J-fusion frame contains con-
ventional J-frames as a very special case, thereby going beyond J-frame theory
in Krein spaces.
In this article we investigate the properties of J-fusion frame in Krein spaces.
In Section 2 we briefly review the notion of J-fusion frame in Krein spaces along
with some definitions and properties. In Section 3 we define J-Parseval fusion
frame in Krein spaces as a generalization of Parseval frame in Hilbert spaces
and we relate this concept with J-orthonormal basis of subspaces in a Krein
space K by introducing a real number ζ ∈ [
√
2, 2). This real number ζ act
as a correlation between positive frame vectors and negative frame vectors. We
also prove that every Krein space is richly supplied with J-Parseval fusion frames.
Then we generalize the fundamental identity of Hilbert space frames in the setting
of Krein spaces. Our final result characterize an uniformly J-definite subspace of
K in terms of J-fusion frame.
2. Preliminary Notes
In this section we briefly recall some basic notations, definitions and some
important properties useful for our study. For more detailed information one can
see [10, 15, 11, 3, 5, 16, 17].
Let πM denote the orthogonal projection from the Hilbert space H onto the
closed subspace M of H.
Definition 2.1. [3] Let I be some index set and {Wi : i ∈ I} be a family of closed
subspaces of H. Also let {vi : i ∈ I} be a family of weights i.e. vi > 0 ∀i ∈ I.
Then {(Wi, vi) : i ∈ I} is said to be a fusion frame for H if there exist constants




v2i |[πWif, f ]| ≤ D‖f‖2 for every f ∈ H (2.1)
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C and D are known as lower and upper fusion frame bounds, respectively, for
the fusion frame {(Wi, vi) : i ∈ I}. If C = D = A (let), then the fusion frame
is known as A-tight fusion frame and if C = D = 1, then the fusion frame is
called Parseval fusion frame. Moreover, a fusion frame is called v-uniform, if
v := vi = vj for all i, j ∈ I.
The family of subspaces {Wi : i ∈ I} is said to be an orthonormal basis of
subspaces if H = ⊕i∈IWi.
Let πM be an orthogonal projection in a Krein space K onto M and QM be a J-
orthogonal projection from K onto M . We know that the J-orthogonal projection
QM exists if M is a projectively complete subspace of K. So we do not have any
relation between πM and QM unless M is projectively complete or regular. But
we have the following lemma.
Lemma 2.2. [18] Let M be an uniformly J-definite subspace for the Krein space
K. If W is a closed subspace of M , then QW |M = πW |M .
Proof. Let x ∈ M and x1, x2 ∈ W . Let QW |M(x) = x1 and πW |M(x) = x2.
Then x − x1[⊥]W which implies that [x − x1, w] = 0 ∀w ∈ W . Since M is
uniformly J-definite hence [x − x1, w]J = 0 ∀w ∈ W . Then by the definition
of orthogonal projection we have πW |M(x) = x1. So we have x1 = x2. Hence
QW |M = πW |M . 
Let us assume that M is uniformly J-positive. Then (M, [·, ·]) is itself a Hilbert
space. So let PW be the orthogonal projection from M onto W . The above lemma
states that PW = QW |M = πW |M .
Let π#M be the J-adjoint of πM . Then we have π
#
M = JπMJ . Also πJM = JπMJ .
Hence we have the following equation πJM = π
#
M .
Let W be a subspace of a Krein space K. Let P++ denote the set of all positive
J-definite subspaces of K, P+ denote the set of all non-negative subspaces of K.
Similarly P−− and P− denote the set of all negative J-definite and non-positive
subspaces of K, respectively. Also let P̃ be the set of all indefinite subspaces of
K. The set of all neutral subspaces sometimes referred as P0. We have P0 ⊂ P+
or P0 ⊂ P−. Then W ∈ P+ ∪ P− ∪ P̃. Throughout in our work we consider either
W ∈ P+ ∪ P−− or W ∈ P++ ∪ P−. Without any loss of generality we assume
W ∈ P+ ∪ P−− to establish our results.




, where {Wi : i ∈ I} is a collection of sub-





then f = {fi}i∈I , where fi ∈ Wi for each i ∈ I. Let I+ = {i ∈ I : [fi, fi] ≥
0 for all fi ∈ Wi} and I− = {i ∈ I : [fi, fi] < 0 for all fi ∈ Wi}. We define
[f, g] =
∑




. If the series is unconditionally





2.1. Definition of J-fusion frame. Let F = {(Wi, vi) : i ∈ I} be a Bessel








such that Wi ∈ P+ ∪ P−− ∀i ∈ I. Let I+ = {i ∈ I :
[fi, fi] ≥ 0 for all fi ∈ Wi} and I− = {i ∈ I : [fi, fi] < 0 for all fi ∈ Wi}. Now
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and denote by P± the orthogonal projection onto (
∑
i∈I± ⊕Wi)`2 . Also, let TW,v± =
TW,vP±. If M± =
∑
i∈I± Wi, notice that
∑
i∈I± Wi ⊆ R(TW,v±) ⊆ M± and
R(TW,v) = R(TW,v+) + R(TW,v−)
Definition 2.3. The Bessel family F = {(Wi, vi) : i ∈ I} is a J-fusion frame for
K if R(TW,v+) is a maximal uniformly J-positive subspace of K and R(TW,v−) is
a maximal uniformly J-negative subspace of K.
If {(Wi, vi) : i ∈ I} is a J-fusion frame for K, then
( ∑
i∈I ⊕Wi, [·, ·]
)
is a
Krein space. The fundamental symmetry, let, J2 is defined by J2(f) = {fi : i ∈
I+} ∪ {−fi : i ∈ I−} for all f ∈ K. Also [f, g]J2 =
∑
i∈I+ [fi, gi] −
∑
i∈I− [fi, gi].













i∈I ‖fi‖2J < ∞
}
.
We use this space frequently in our work.
The following theorems studied by Karmakar et al. [18] to characterize J-fusion
frame and J-fusion frame operator in Krein spaces.
Theorem 2.4. [18] Let F = {(Wi, vi)}i∈I be a J-fusion frame for K. Then
F± = {(Wi, vi)}i∈I± is fusion frame for the Hilbert space (M±,±[·, ·]) i.e. there
exist constants B− ≤ A− < 0 < A+ ≤ B+ such that
A±[f, f ] ≤
∑
i∈I±
v2i |[πWi|M±(f), f ]| ≤ B±[f, f ] for every f ∈ M± (2.2)
Theorem 2.5. [18] For each i ∈ I, let vi > 0 and let {fij}j∈Ji be a J-frame
sequence in K with J-frame bounds Bi−, Ai−, Ai+ and Bi+ for each i ∈ I,
such that −∞ < supiBi− ≤ infiAi− < 0 < infiAi+ ≤ supiBi+ < ∞. Define
Wi = spanj∈Ji{fij} for each i ∈ I. If Wi is definite for each i ∈ I, then the
following conditions are equivalent:
(i) {vifij}i∈I,j∈Ji is a J-frame for K.
(ii) {(Wi, vi) : i ∈ I} is a J-fusion frame for K.
Now let F = {(Wi, vi) : i ∈ I} be a J-fusion frame for the Krein space K.
Then {Wi : i ∈ I+} is a collection of uniformly J-positive subspaces of K and
{Wi : i ∈ I−} is a collection of uniformly J-negative subspaces of K. The J-
adjoint operator of the synthesis operator TW,v is denoted by T
#
W,v and is called





[⊥] = R(TW,v+) = M+. The Analysis operators are defined
as T#W,v+(f) = {viπJWi(f)}i∈I+ and T
#
W,v−
(f) = −{viπJWi(f)}i∈I− for all f ∈




{viπWi(f)}i∈I+ for all f ∈ M+. Here σi = 1 if i ∈ I+ and σi = −1 if i ∈ I−. Note
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Definition 2.6. The linear operator SW,v : K → K defined by SW,v(f) =∑
i∈I σiv
2
i πJ(Wi)(f) is said to be the J-fusion frame operator for the J-fusion
frame {(Wi, vi}i∈I .
We next mention the following two theorems proved by Karmakar et al. in
[18], which describe J-fusion frame operator in a Krein space K.
Theorem 2.7. [18] If {(Wi, vi)}i∈I is a J-fusion frame for the Krein space K wth







, then the J-frame operator SW,v
is bijective and J-selfadjoint.
Theorem 2.8. [18] If {(Wi, vi)}i∈I is a J-fusion frame for the Krein space K
with J-fusion frame operator SW,v, then {(S−1W,v(Wi), vi)}i∈I is a J-fusion frame
for K with J-fusion frame operator S−1W,v.
3. Main results
The idea of tight/Parseval frames has many important applications in Hilbert
space frame theory as well as in Krein space frame theory. In finite dimensional
cases this concept has some beautiful geometric interpretations. So in this section
we define J-tight fusion frame in Krein spaces as a generalization of Parseval
frame in Hilbert spaces and study some important properties relating to J-fusion
frames.
From the definition of J-fusion frame we know that every J-fusion frame in K
decompose the Krein space into two parts. The positive part M+ is the maximal
uniformly J-positive subspace and the negative part M− is the maximal uniformly
J-negative subspace. The cone of neutral vectors in K is denoted by C and is
defined by, C = {n ∈ K : [n, n] = 0}. In [11] we have a concept of angle
between an uniformly J-definite subspace of K and the cone of neutral vectors






















, where α+ = γ(GM+)
and β+ = γ(GM−). γ is the reduced minimum modulus of the respective Gramian
operators GM+ and GM− .
Now every J-fusion frame is associated with a positive real number ζ, where
ζ = c0(M+, C) + c0(M−, C). We also have ζ ∈ [
√
2, 2). We prove that ζ plays a
positive role in determining when a J-fusion frame is a J-orthonormal basis of
subspaces in K. The motivation for introducing the number ζ comes from the
concept of frame potential in Hilbert spaces. In 2001, Benedetto and Fickus [9]
developed the notion of frame potential which is analog to a potential energy in
the physical world. It is a function which is maximized exactly when the vectors
form a tight frame. Tight frames seem to occur when vectors are as close to
orthogonal as they can be. In Hilbert space the pattern of the frame vectors are
arbitrarily distributed in the space. But for any given J-frame in a Krein space
we have something more. The positive set of frame vectors lie in the subspace
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M+ and the negative set of frame vectors lie in the subspace M−, although in
M+ and M− the distribution of the frame vectors may be arbitrary. So to define
J-frame force between positive and negative vectors we introduced the notion
ζ in [17]. Also the J-frame force between positive and negative vectors are not
conservative in nature. So to deal with both conservative and non-conservative
forces in a single frame system, in [17] we defined the J-potential between a




(ζ2 − 1), for i ∈ I+, j ∈ I−
To emphasize on the pattern of the subspaces {Wi : i ∈ I} in K, we defined ζ to
give a correlation between vectors of M+ and M−.
Next we introduce the notion of J-tight fusion frame.
Definition 3.1. Let (K, [·, ·], J) be a Krein space and F = {(Wi, vi) : i ∈ I} be a
J-fusion frame for the Krein space K. Then F is said to be a J-tight fusion frame
if and only if
A±[f, f ] =
∑
i∈I±
v2i |[πWi|M±(f), f ]|, for all f ∈ M± (3.1)
Moreover, F is said to be a J-Parseval fusion frame if it is a J-tight frame for
the Krein space K and in addition A± = ±1.
Example 3.2. Consider the vector space `2(R). Let us define a inner product on
`2(R) by [x, y] = x1y1 +x2y2−x3y3 +x4y4 + . . ., where x = (x1, x2, x3, x4, . . .), y =













, 0, 0, . . .)}, W3 = span{(0, 1, 0, 0, . . .)}








and v4 = 1. Then the
collection
{
(Wi, vi) : i ∈ {1, 2, 3, 4}
}
is a J-fusion frame for the above Krein







numerical calculation we have α+ = 1 and β+ = 1
2
.
3.1. Some results on J-tight fusion frames. In this section we define J-
orthonormal basis of subspaces for a Krein space K. We also find a relation be-
tween J-orthonormal basis of subspaces and 1-uniform J-Parseval fusion frames
in K.
Definition 3.3. Let F = {Wi : i ∈ I} be a family of closed subspaces in a
Krein space K. Then the family is said to be an J-orthonormal basis of subspaces
if K+ = ⊕̇i∈I+Wi and K− = ⊕̇i∈I−Wi, where K = K+[⊕̇]K− is the cannonical
decomposition of the Krein space.




, where the in-
ner product is defined by [(x1, x2, x3), (y1, y2, y3)] = x1y1 + x2y2 − x3y3. Here
(x1, x2, x3) and (y1, y2, y3) ∈ R3. Now consider the collection F = {(Wi, 1)}3i=1,
where W1 = span{(1, 1√3 , 0)}, W2 = span{(1,−
√
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Then the collection F is a 1-uniform J-Parseval fusion frame for R3. But it is not
an orthonormal basis of subspaces in R3. Also in this case ζ 6=
√
2.
Definition 3.5. Let (K, [·, ·], J) be a Krein space. Let us consider a collection of
subspaces F = {Wi : i ∈ I} such that Wi ∈ P+ ∪ P−− ∀i ∈ I. Then the collection




i∈I− Wi = {0}.
Example 3.6. Let {(Wi, vi) : i ∈ I} be a J-fusion frame in a Krein space K.
Then the collection {Wi : i ∈ I} is a disjoint family of subspaces in K.
Definition 3.7. Let F = {Wi : i ∈ I} be a collection of subspaces in the Krein
space K such that Wi ∈ P+ ∪ P−− ∀i ∈ I. Then F is said to be a strictly disjoint





The next theorem establishes a relation between 1-uniform J-Parseval fusion
frames with ζ =
√
2 and J-orthonormal basis of subspaces for a given Krein
space.
Theorem 3.8. Let K be a Krein space. Then a J-fusion frame is a J-orthonormal
basis of subspaces in K if and only if ζ =
√
2 and it is a 1-uniform J-Parseval
fusion frame for K.
Proof. Let {Wi : i ∈ I} be a J-orthonormal basis of subspaces in K. So let I+ =
{i ∈ I : [fi, fi] > 0 for all fi ∈ Wi} and I− = {i ∈ I : [fi, fi] < 0 for all fi ∈ Wi}.
Then K+ = ⊕̇i∈I+Wi and K− = ⊕̇i∈I−Wi, where K = K+[⊕̇]K−. Now (K+, [·, ·]) is
a Hilbert space and γ(GK+) = 1. Hence c0(K+, C) = 1√2 . By similar arguments we
have c0(K−, C) = 1√2 . Hence ζ =
√
2. Also it is easy to see that {Wi : i ∈ I+} is
an orthonormal basis of subspaces in K+. Hence it is a 1-uniform Parseval fusion
frame for K+. Similarly we can say that {Wi : i ∈ I−} is also a 1-uniform Parseval
fusion frame for (K−,−[·, ·]). So, {Wi : i ∈ I+} ∪ {Wi : i ∈ I−} = {Wi : i ∈ I} is
a 1-uniform J-Parseval fusion frame for K with ζ =
√
2.
Conversely, let {(Wi, 1) : i ∈ I} be a 1-uniform J-Parseval fusion frame for
K with ζ =
√
2. So let I+ = {i ∈ I : [fi, fi] > 0 for all fi ∈ Wi} and I− =
{i ∈ I : [fi, fi] < 0 for all fi ∈ Wi}. Consider M± =
∑
i∈I± Wi. Now it is
clear that {Wi : i ∈ I+} is a 1-uniform Parseval fusion frame for (M+, [·, ·]) and
{Wi : i ∈ I−} is a 1-uniform Parseval fusion frame for (M−,−[·, ·]). Hence from [3]
we know that {Wi : i ∈ I+} is an orthonormal basis of subspaces for (M+, [·, ·]) and
{Wi : i ∈ I−} is an orthonormal basis of subspaces for (M−,−[·, ·]). Again we have
c0(M+, C)+ c0(M−, C) =
√
2, which implies that c0(M+, C) =
1√
2
and c0(M−, C) =
1√
2
. Now by some simple numerical calculation we have γ(GM+) = 1 and also
γ(GM−) = 1. Using all the above results we conclude that K = M+[⊕̇]M−. Hence
the proof. 
Let F = {Wi : i ∈ I} be a collection of non-neutral definite subspaces in a
Krein space K. Consider M+ =
∑
i∈I+ Wi and M− =
∑
i∈I− Wi, where I+ = {i ∈
I : [fi, fi] > 0 for all fi ∈ Wi} and I− = {i ∈ I : [fi, fi] < 0 for all fi ∈ Wi}. Now
if M+ is a maximal uniformly J-positive subspace of K and M− is a maximal
uniformly J-negative subspace of K, then {Wi : i ∈ I+} and {Wi : i ∈ I−} will
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be fusion frames for (M+, [·, ·]) and (M−,−[·, ·]), respectively. Let TW,v1 be the
synthesis operator for the fusion frame {Wi : i ∈ I+} and TW,v2 be the synthesis
operator for the frame {Wi : i ∈ I−}. Let TW,v∗1 and TW,v
∗
2 be the adjoint operators
of TW,v1 and TW,v2, respectively in Hilbert space sense.
Now we derive an useful result regarding J-Parseval fusion frames for a Krein
space K. The following theorem guarantees that a Krein space is richly supplied
with J-Parseval fusion frames.
Theorem 3.9. Let K be a Krein space. Assume that M1 and M2 are closed,
J-definite subspaces of K, respectively. Let {(Xi, ui)}i∈I1 and {(Yi, vi)}i∈I2 are
Parseval fusion frames for M1 and M2, respectively. Then {Xi}i∈I1 ∪ {Yi}i∈I2 is
a strictly disjoint family in K only if {(Xi, ui)}i∈I1 ∪{(Yi, vi)}i∈I2 is a J-Parseval
fusion frame for K with ζ ∈ [
√
2, 2).
Proof. Without any loss of generality we assume that M1 is positive J-definite.
Hence it is intrinsically complete and so (M1, [·, ·]) is a Hilbert space. Now
{(Xi, ui) : i ∈ I1} is a Parseval fusion frame for (M1, [·, ·]) and so
∑
i∈I+ Xi = M1
and also Xi ∈ P++.







i∈I2 Yi is a closed J-negative subspace of K. Now {(Yi, vi) : i ∈ I2}
is a Parseval fusion frame for M2. Therefore,
∑
i∈I2 Yi = M2. Therefore M2 is a
negative J-definite subspace of K. Since M1 [⊥] M2, so we have a fundamental de-
composition of K i.e. K = M1 [+̇] M2 (see [15]). Since both M1 and M2 are closed
J-definite and also intrinsically complete, so both M1 and M2 are uniformly J-
definite (see [10]). Let ζ = c0(M+, C)+c0(M−, C), then {(Xi, ui)}i∈I1∪{(Yi, vi)}i∈I2
is a J-fusion frame for K with ζ. As both {(Xi, ui)}i∈I1 and {(Yi, vi)}i∈I2 are Par-
seval fusion frames for M1 and M2, respectively, so {(Xi, ui)}i∈I1 ∪ {(Yi, vi)}i∈I2
is also a J-Parseval fusion frame for K with ζ. Hence the proof. 
Remark 3.10. The statement of the above theorem is sufficient but not neces-
sary. Since {(Xi, ui)}i∈I1 ∪ {(Yi, vi)}i∈I2 is a J-Parseval fusion frame for K with
ζ∈[
√
2, 2), so there exists uniformly J-positive definite subspace M+ and uni-
formly J-negative subspace M− such that {(Xi, ui)}i∈I1 is a Parseval fusion frame
for (M+, [·, ·]) and {(Yi, vi)}i∈I2 is a Parseval fusion frame for the Hilbert space
(M−,−[·, ·]). But M+ may not be J-perpendicular to M−. Hence {Xi}i∈I1 ∪
{Yi}i∈I2 may not be a strictly disjoint family in K.
The following result for J-Parseval fusion frames describes how J-Parseval
fusion frames can be combined to form a new J-Parseval fusion frame under
some restrictions.
Theorem 3.11. Let {(Xi, vi) : i ∈ I} and {(Yi, vi) : i ∈ I} are J-Parseval




i∈I+ Xi and M− =
∑
i∈I− Yi =∑
i∈I− Xi. Also let {Xi : i ∈ I} and {Yi : i ∈ I} are strictly disjoint family of
subspaces in K. Then {(Xi + Yi, vi) : i ∈ I} is a J-Parseval fusion frame for
K if and only if T ∗X,v
+TY,v
+ + T ∗Y,v
+TX,v
+ = 0 and T ∗X,v
−TY,v







− are synthesis operators of {(Xi, vi) : i ∈ I+},
{(Yi, vi) : i ∈ I+}, {(Xi, vi) : i ∈ I−} and {(Yi, vi) : i ∈ I−}, respectively.
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Proof. Since {Xi : i ∈ I} and {Yi : i ∈ I} are strictly disjoint family of subspaces
in K, so Xi + Yi are closed subspaces for each i ∈ I. Let {(Xi + Yi, vi) : i ∈ I}
be a J-Parseval fusion frame for K. It is given that {(Xi, vi) : i ∈ I} and
{(Yi, vi) : i ∈ I} are also J-Parseval fusion frames for K. Hence Xi ⊂ M+ for all
i ∈ I+. Similarly Yi ⊂ M+ for all i ∈ I+. According to our assumption for each
i ∈ I+, Xi is uniformly J-positive subspace of K. Hence regular. Since Xi + Yi is
a closed subspace of M+, so it is also regular. Similarly for each i ∈ I−, Xi + Yi
is also regular. Therefore Xi + Yi is uniformly J-definite for i ∈ I.
Since {(Xi, vi) : i ∈ I} is a J-Parseval fusion frame for K, therefore {(Xi, vi) :
i ∈ I+} is a Parseval fusion frame for (M+, [·, ·]). Let TX,v+ be the synthesis








operator is defined by T ∗X,v
+(f) = {viπWi|M+(f)}i∈I+ .
Similarly {(Yi, vi) : i ∈ I} is also a J-Parseval fusion frame for K. Hence
{(Yi, vi) : i ∈ I+} is a Parseval frame for (M+, [·, ·]). So, TY,v+ and T ∗Y,v+ are
defined as above. Also {(Xi, vi) : i ∈ I−} and {(Yi, vi) : i ∈ I−} are Parseval
frames for (M−,−[·, ·]), so we can define the operators TX,v−, T ∗X,v−, TY,v− and
T ∗Y,v
− as usual.
Now {(Xi +Yi, vi) : i ∈ I} is a J-Parseval fusion frame for K. So {(Xi +Yi, vi) :
i ∈ I+} is a Parseval fusion frame for (M+, [·, ·]). Similarly {(Xi +Yi, vi) : i ∈ I−}
is a Parseval fusion frame for (M−,−[·, ·]). Let TX+Y,v+ be the synthesis operator
for the fusion frame {(Xi + Yi, vi) : i ∈ I+} in (M+, [·, ·]) and TX+Y,v− be the
synthesis operator for the fusion frame {(Xi+Yi, vi) : i ∈ I−} in (M−,−[·, ·]). Also
let us assume that T ∗X+Y,v
+ and T ∗X+Y,v
− be the adjoint operators of TX+Y,v
+ and
TX+Y,v
−, respectively. Now let us define TX+Y,v
+ := TX,v
++TY,v
+. Then we have
T∗X+Y,v
+ = T ∗X,v
+ + T ∗Y,v
+. A direct calculation shows that TX+Y,v
+ = TX+Y,v
+ is
the synthesis operator for the frame {(Xi + Yi, vi) : i ∈ I+} in (M+, [·, ·]).
Hence T∗X+Y,v
+TX+Y,v
+ = I. Therefore, T ∗X,v
+TY,v
+ + T ∗Y,v
+TX,v
+ = 0.
Similarly we can show that T ∗X,v
−TY,v
− + T ∗Y,v
−TX,v
− = 0.
Conversely we have to show that {(Xi + Yi, vi) : i ∈ I} is a J-Parseval fusion
frame for K. Since
∑
i∈I+(Xi + Yi) = M+, so it is sufficient to show that {(Xi +
Yi, vi) : i ∈ I+} is a Parseval fusion frame for (M+, [·, ·]) and {(Xi+Yi, vi) : i ∈ I−}
is a Parseval fusion frame for (M−,−[·, ·]). Let TX+Y,v+ be the synthesis operator
for the Bessel family {(Xi +Yi, vi) : i ∈ I+}. Then TX+Y,v+({hi}) =
∑
i∈I+ vihi =∑
i∈I+ vi(fi + gi) = TX,v
+ + TY,v
+. Now it is easy to show that the condition
T ∗X,v
+TY,v
+ + T ∗Y,v
+TX,v
+ = 0 implies that {(Xi + Yi, vi) : i ∈ I+} is a Parseval
fusion frame for M+. Similarly as above we can show that {(Xi +Yi, vi) : i ∈ I−}
is a Parseval fusion frame for M−. We know that ζ = c0(M+, C)+c0(M−, C). Now
since the quantities c0(M+, C) and c0(M−, C) are fixed throughout the proof and
{(Xi, vi) : i ∈ I} is a given J-Parseval frame with ζ ∈ [
√
2, 2), so we already have
that required ζ. Hence the proof. 
Definition 3.12. Let {(Wi, vi)}i∈I be a J-fusion frame for the Krein space K with
J-fusion frame operator SW,v, then the collection {(S−1W,v(Wi), vi)}i∈I is called the
cannonical J-dual fusion frame for {(Wi, vi)}i∈I in K.
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The following theorem is an identity between J-fusion frame for the Krein space
K and the cannonical J-dual fusion frame for K.
Theorem 3.13. Let {(Wi, vi) : i ∈ I} be J-fusion frame for the Krein space K
with cannonical J-dual fusion frame {(S−1W,v(Wi), vi) : i ∈ I}. Then ∀ I1 ⊂ I and


























W,v], where σi = 1 if i ∈ I+
and σi = −1 if i ∈ I−.






























































Now if we choose g = SW,v(f), then the above equation reduces to





















Now replacing I1 by I
c































We next state the following theorem by Douglas [14] which we will use in our
study.
Theorem 3.14. [14] Let S and T be bounded linear operators on a Hilbert space
H. Then the following conditions are equivalent
(i) R(S) ⊂ R(T )
(ii) there exists λ ≥ 0 such that SS∗ ≤ λ2TT ∗
(iii) there exists a closed linear operator S1 such that SS1 = T
We characterize uniformly J-definite subspaces of a Krein space K in terms of
an inequality regarding J-fusion frames.
Let M be a non-negative subspace of a Krein space K, then M = M0[+̇]M+
where M+ is the positive part of M and M0 is the isotropic part of M , precisely
M+ = M 	M0, where M 	M0 = M ∩ (M ∩M0)⊥. Let GM be the Gramian
operator of M . Then N(GM) = M
0 and R(GM) = M
+. So we have GM =
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GM+ . The decomposition of M is guaranteed by the spectral decomposition of
the Gramian operator.
Theorem 3.15. Let F = {(Wi, vi}i∈I be a Bessel family in a Krein space K, also
let M =
∑
Wi : i ∈ I and M0 = M∩M [⊥]. If there exist constants 0 < A ≤ B <
∞ such that
A[f, f ] ≤
∑
i∈I
v2i |[πJMπWiJπM(f), f ]| ≤ B[f, f ] for every f ∈ M, (3.2)
then the deficiency subspace M 	M0 is a (closed) uniformly J-positive subspace
of M . Moreover, if F is a frame for the Hilbert space (M, [·, ·]J), the converse
holds.
Proof. First, let us assume that the equation (3.2) holds. Then [f, f ] ≥ 0 for all
f ∈ M . So, M is a J-nonnegative subspace of K, or equivalently, (M, [·, ·]) is a
non-negative inner product space.
Now given that F = {(Wi, vi}i∈I is a Bessel family in K. So it is a Bessel family
in the associated Hilbert space (K, [·, ·]J). Then T ∗W,v(f) = {viπWi(f)}i∈I , f ∈ K.
Now for all f ∈ M , ∑
i∈I
v2i [πWi , f ]J ≤ C[f, f ]J




i πWi ≤ CπM since πMπWi = πWiπM = πWi .
So, using equation (3.2) it is easy to see that
A[GMf, f ]J ≤
∑
i∈I
v2i |[πJMπWiJπM(f), f ]| =
∑
i∈I




v2i |[πMJπWiJπM(f), f ]J | = |[πMJ{
∑
i∈I
v2i πWi}JπM(f), f ]J |
≤ C[(GM)2f, f ]J , f ∈ K.
Thus, 0 ≤ GM ≤ CA (GM)
2. So applying Douglas theorem [14] we have
R((GM)
1/2) ⊆ R(GM)
Also we have R(GM) ⊆ R((GM)1/2). Moreover, it follows that R(GM) is closed
since R(GM) = R((GM)
1/2).
Let M ′ = M 	M0. Since R(GM) is closed, so by reduced minimum modulus
theorem there exists γ > 0 such that
[f, f ] = [GMf, f ]J = ‖(GM)1/2f‖2J ≥ γ‖f‖2J for every f ∈ N(GM)⊥ = M 	M0.
Hence M ′ is a closed uniformly J-positive subspace of K.
Conversely, suppose that W is a frame for (M, [·, ·]J), i.e. there exist constants




v2i πWi ≤ B′PM ,
A′PM ≤ TW,vT ∗W,v ≤ B′PM ,




i∈I ⊕Wi)`2 , K
)
is the synthesis operator of W . If M ′ = M	M0
is a uniformly J-positive subspace of K, then there exists some real number
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α > 0 such that αPM ′ ≤ GM ′ ≤ PM ′ . Then by Douglas theorem, R(PM ′) ⊆
R((GM ′)
1/2) ⊆ R(PM ′). So we have R(GM ′
1
2 ) = M ′ = R(GM ′). Since GM = GM ′
it is easy to see that
A′(GM)
2 = A′(GM ′)
2 ≤ PMJTW,vT ∗W,vJPM ≤ B′(GM ′)2 = B′(GM)2.
Therefore again using Douglas theorem we have R(PMJTW,v) = R(GM ′) =
R((GM ′)
1/2) or equivalently, there exist B ≥ A > 0 such that
AGM = AGM ′ ≤ PMJTW,vT ∗W,vJPM ≤ BGM ′ = BGM
So from above we have
A[f, f ] ≤ [πMJ{
∑
i∈I
v2i πWi}JπM(f), f ]J ≤ B[f, f ] for every f ∈ M
i.e. A[f, f ] ≤
∑
i∈I
v2i |[πMπJWiπM(f), f ]J | ≤ B[f, f ]
i.e. A[f, f ] ≤
∑
i∈I
v2i |[πJMπWiJπM(f), f ]| ≤ B[f, f ] for every f ∈ M

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